Results generated from an aeroelastic model that combines a nonlinear structural dynamic model based on MARC with an approximate aerodynamic model that incorporates leading edge vortices and a wake model are presented. The aerodynamic model, used in our earlier studies, is extended to forward flight, and the effect of fluid viscosity is incorporated into the formulation in a partial manner. Results presented describe aerodynamic and aeroelastic studies conducted on airfoils and flapping wings in hover and forward flight. For the rigid cases considered, the approximate model shows reasonable agreement with CFD based results and predicts the trends accurately. The aeroelastic results presented indicate that wing flexibility has beneficial effects in both hover and forward flight. Comparisons show that aerodynamic loads are comparable to inertia loads for the cases considered.
Coefficients that are computed from the airfoil degrees of freedom 
I. Introduction
During the last fifteen years there has been increasing interest in micro air vehicles (MAVs) for both military and civilian missions that involve confined spaces, such as buildings, or short distances. These vehicles typically have maximum geometric dimensions of 15 cm, maximum weight of 100 grams, and are expected to operate at low Reynolds number (10 2 < Re < 10 4 ) and low forward flight speed (< 15 m/s). 1 In particular, flapping wing designs, inspired by hover-capable biological flyers such as insects, bats, and hummingbirds, are particularly interesting due to the exceptional flight capabilities observed in the biological counterparts. 1 A significant portion of the research on flapping wing vehicles has focused on understanding the mechanisms that generate unsteady aerodynamic forces. This research [1] [2] [3] [4] [5] [6] [7] has identified leading edge vortices (LEVs), wake capture, and tip vortices, as the primary force generating mechanisms. Recent emphasis has been on investigating the dynamics of LEVs, and its interaction with kinematics. 8 Water tunnel experiments, conducted using airfoils undergoing combined pitch-plunge motion, showed that the behavior of LEVs was dependent on the reduced frequency for a given effective angle of attack. 8 In these tests, flow field measurements were done using particle induced velocimetry (PIV), and the effective angle of attack was defined based on the combined pitch-plunge motion. Attempts to model the aerodynamic environment in a quantitative manner have been based on two approaches: (1) computational fluid dynamics (CFD) simulations based on the solution of the Navier Stokes (NS) equations and (2) approximate aerodynamic models based on potential flow solutions. Simulations using CFD yield the best resolution of the unsteady flow field. However, such approaches require significant amounts of computer time that prevent parametric studies. Approximate aerodynamic models offer a compromise between accuracy and computational efficiency and thus are suitable for trend and design studies. It is important to emphasize that the approximate models that have practical applications have to be able to model the effect of LEVs and wake capture. The approximate unsteady aerodynamic theories used for flapping wing problems can be classified as assumed (or prescribed) wake and free wake models. Assumed wake models are classical unsteady models such as Theodorsen's theory. 9 Reference [10] incorporated the effect of the LEVs in Theodorsen's theory by modifying the unsteady aerodynamic lift and moment expressions using the Polhamus leading edge suction analogy.
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This model 10 was compared to experiments and was capable of predicting the trends in aerodynamic forces.
Free wake models account for evolution of the wake, thereby providing a reasonable approximation to the development of the unsteady wake during a flapping cycle. In particular, free wake models that account for LEVs are two-dimensional formulations that use a discrete vortex representation of the wake. [12] [13] [14] These formulations are suitable for flapping wings in hover following simplifying assumptions on the geometry of the shed wake. The model developed in Ref. [12] , which accounts for separation close to the leading edge, compared well with experimental data for airfoils in steady flow. In this approach the chordwise location of the separation point, which may be obtained using independent computations or experiments, is explicitly incorporated into the formulation. Reference [13] described a vortex blob based formulation that simulates the unsteady flow field around flexible thin airfoil that is undergoing prescribed rigid body motion as well as prescribed deformation. The model displayed good correlation with previously published data for rigid airfoils; however, the study indicated that additional work was required before the formulation could be used for aeroelastic studies. References [14, 15] presented the development and implementation of a discrete vortex model that is applicable to insect-like flapping wings in hover. The model was used to simulate rigid wings undergoing hover kinematics, and for the limited number of cases considered, compared well with experimental data.
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For the case of forward flight, the presence of a free stream alters the shed wake geometry and wing-wake interaction. Therefore, additional modifications are needed before two dimensional aerodynamic formulations [12] [13] [14] can be used to model forward flight. A review of literature indicates that the application of free wake models that incorporate LEVs to the problem of flapping wings in forward flight has received limited attention. Recently, Ref. [16] extended the aerodynamic formulation developed in Refs. [14, 15] to forward flight using the concept of prescribed wake adopted from rotary wing aerodynamics. Preliminary results indicated that forward flight increased the peak force during one half of the stroke and reduced the force during the other half of the stroke; however, comparisons with CFD based or experimental results were not presented. The importance of wing flexibility in enhancing the lift producing capability of flapping wings has been considered in a number of studies. Studies that have attempted to examine this issue in a systematic manner include Refs. [10, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . An important finding of Refs. [17, 18] , which was later corroborated by experiments conducted in Ref. [10] , was that a dominant component of the loading on flapping wings is due to inertia loads. Reference [10] examined wing models based on membranes reinforced by metal beams, using a linear structural model. It concluded that wing flexibility changed the aerodynamic loads and therefore should be included in the model. Reference [19] examined the influence of flexibility in insect wings by using a linear finite element model of a dragonfly wing that was combined with CFD based aerodynamic loading and found that spanwise flexibility had a favorable impact on thrust generated and power consumed by the flapping wing. Reference [16, 20, 21] described a nonlinear aeroelastic model that is obtained by coupling a nonlinear finite element model of the wing with an approximate model. These studies, which examined MAV wings undergoing prescribed motion found that the effect of aerodynamic loads was small compared to effect of inertia loads for the cases considered; wing flexibility had a small but favorable impact on lift generation. References [22, 23] describe the development of a computational aeroelastic framework obtained by combining geometrically nonlinear beam and shell based structural dynamic models with a CFD based flow field. The framework was used in Ref. [24] to simulate isotropic Zimmerman wings in hover. The results indicated that the behavior of peak lift was non-monotonic with decrease in elastic modulus, and concluded that only a limited amount of flexibility was beneficial for thrust generation. Plunging isotropic plunging wings, offset by a constant flap rotation, in hover for R e = 100 were studied in Ref. [25] . The aeroelastic model was obtained by coupling a viscous incompressible fluid description based on a lattice Boltzmann model to a structural description based on a lattice spring model. This study, 25 in which flexibility was incorporated using linear springs, found that a peak in lift coefficient coincided with an excitation frequency that was close to the resonant frequency of the wings. Combinations of elastic modulus and flapping frequency were found for which the lift generated was sufficient to support the weight of a realistic insect. The overall objective of the current paper is to develop an understanding of the effect of flexibility on the performance of anisotropic flapping wings in hover and forward flight using an aeroelastic model, initially described in Refs. [16, 20, 21] , which has been extended to forward flight. The specific objectives of the paper are:
1. Extend the aerodynamic formulation to incorporate forward flight.
2. Include the effect of Reynolds number in a partial manner by incorporating the effect of temporal decay of vorticity once it is shed into the wake.
3. Compare results obtained using the modified aerodynamic model with those obtained using CFD for airfoils and wings in hover and forward flight.
4. Conduct trend type studies for flexible wings in hover and forward flight.
II. Nonlinear Aeroelastic Model
The aeroelastic model is obtained by coupling a nonlinear finite element model of the wing with an approximate aerodynamic model that incorporates LEVs and a free wake; a detailed description of the individual components and formulation of the aeroelastic equations of motion for flapping wings in hover was presented in Refs [20, 21] . In this section, a summary of the aeroelastic model including modifications to the aerodynamic formulation to incorporate flapping wings in forward flight are presented.
A. Structural Dynamic Model and Wing Kinematics
The structural dynamic models for MAV wings are based on the MARC code 26 using shell elements that are capable of undergoing large amplitude rigid body motion as well as moderate-to-large flexible deformation. A variety of constitutive laws are available so that isotropic as well as anisotropic wings may be modeled. Wing kinematics, which consist of large amplitude rigid body rotations prescribed at the root, are applied as displacement boundary conditions at one or more nodes.
B. Approximate Aerodynamic Model
The unsteady aerodynamic model that was selected for use and modification was developed in Refs. [14, 15] . This formulation, originally derived for the case of hover, is based on two-dimensional potential flow and uses a vorticity/circulation approach to compute the aerodynamic loads. Several modifications were introduced by us. First, the model was modified to account for spanwise and chordwise flexibility of flapping wings as described in Refs. [20, 21] . In the current paper, the aerodynamic formulation is extended to incorporate forward flight. Moreover, the effect of Reynolds number is also incorporated into the calculation of shed vorticity. Details of these extensions are provided next.
Overview of the Aerodynamic Formulation
The overall approach, which retains the essential aspects of the hover formulation for rigid and flexible wings, 14, 20, 21 is summarized in Figure 1 . First, the wing is divided into several spanwise stations, as shown in Figure 2 , where each section is represented as an airfoil. For each airfoil, an airfoil-wake surface that captures the airfoil degrees of freedom (DOF), and approximates the geometry of the shed wake, is identified. Next, the airfoil and the airfoil-wake surface are transformed to a circle in the complex plane using a conformal mapping. Thus, the airfoil bound and shed wake vorticity are computed on the complex plane. The quasi-steady component of vorticity is obtained by neglecting the effect of the shed wake. The strength of shed vorticity is computed by enforcing a stagnation condition at the leading edge (LE) and a Kutta condition at the trailing edge (TE). The airfoil bound vorticity is obtained as a sum of the quasi-steady and wake-induced vorticity on the airfoil. Next, the vorticity in the complex plane is transformed back to the airfoil-wake surface (physical plane) using an inverse transform. The unsteady loads acting on the airfoil are obtained from the total vorticity using the unsteady Bernoulli equation. Finally, the shed vorticity is convected using the Rott-Birkhoff equation, which is derived from Biot-Savart law for two dimensional flow. 
The Airfoil-Wake Surface
Wing kinematics of biological flapping wing flyers, in both hover and forward flight, consists of a predominant sweep or flap motion in the stroke plane (SP), pitching about the feathering axis, and a comparatively small elevation angle, as indicated in Figure 3 . 27 Therefore, the feathering axis of the wing is assumed to move on the stroke plane (SP). 14 Consequently, the surface described by the airfoil motion is a cylinder that is normal to the stroke plane; this normal cylinder (NC) is shown in Figures 4 and 5. For hover, 14 the shed wake is assumed to be confined to the NC; therefore, NC is a convenient choice for the airfoil-wake surface. For the case of forward flight, the vortices shed into the wake are carried away with the free stream due to velocity of forward flight and therefore a suitable approximation to the wake surface has to be identified.
Extension to Forward Flight
Forward flight is characterized by a free stream velocity vector that is assumed to lie in the Y SP − Z SP plane as depicted in Figure 4 . A complete description of the free stream velocity involves two independent parameters u ∞ and v ∞ . These quantities are determined from the tip speed, advance ratio, and stroke plane inclination angle, using Eq. (1).
where u ∞ , v ∞ , and β sp are shown in Figure 4 .
In the present analysis, the NC, which is used for hover, is also used to approximate the geometry of the shed wake in forward flight. The effect of free stream due to forward flight is incorporated by modifying the expressions used to determine the quasi-steady component of vorticity and the vortex wake model as described later.
Coordinate Systems
Several rectangular coordinate systems, which are defined on the flattened NC, are used for each airfoil section. These coordinate systems, shown in Figure 6 , are listed below, where the unit vectors corresponding to the axes are denoted using e with an appropriate subscript:
1. ξ, η : Zero lift coordinate system. Origin at the mid-chord; e ξ A along the zero lift line (ZLL); e η A normal to ZLL.
2. ξ I , η I : Stationary coordinate system fixed to the NC; also shown in Figure 5 . e ξ I is parallel to the stroke plane; e η I is parallel to Z SP . Identified by superscript I.
3. ξ nr , η nr : Non-rotating coordinate system that translates with the airfoil. Origin at the intersection of the feathering axis of the wing and the normal cylinder. e ξ nr and e η nr are parallel to the stroke plane and e η I respectively. Identified by superscript nr.
Coordinate system that is fixed to the center of rotation of the airfoil. Origin at the intersection of the feathering axis of the wing and the normal cylinder. e ξ f a and e η f a are parallel to e ξ and e η respectively. Identified by superscript f a.
Each airfoil has three degrees of freedom (DOF) that are defined in ξ I − η I on the flattened NC as shown in Figure 6 ; these are lead-lag (l), plunge (h), and pitch (α) respectively. The airfoil DOFs and velocities are obtained from the structural dynamic model at each time step; consequently, these quantities include the effect of wing deformation in addition to the effect of the wing kinematics. The effect of spanwise deformation on the radius of the NC is incorporated by using an average time dependent radius as follows: Let R 0 j and R t j denote the radial locations of a wing section at the start of the motion and at some subsequent time t. Then, the average radius of the normal cylinder at time t is given byR
is used to calculate the distances on the NC.
Quasi-steady Vorticity
Quasi-steady vorticity, 14 computed on the circle, is obtained as a sum of two components: (a) a free stream component that is computed from the instantaneous angle of attack and free stream velocity, and (b) an unsteady component that is computed from airfoil velocities. 
Free stream component of vorticity
The vorticity and circulation due to a free stream, derived in Ref. [14] , are
where the vorticity and circulation are positive in the counter-clockwise direction as indicated in Figure 6 . In Ref. [14] , the analysis was limited to hover; therefore, it was assumed that u I ≡ 0 and Eq. (2) did not contribute to the quasi-steady component of vorticity. In the current study, the effect of free stream velocity is incorporated into Eq. (2) as follows. The free stream velocity vector, and its magnitude, at each wing section are given by
whereφ is depicted in Figure 7 and subscript w indicates wing section. The instantaneous angle of attack of the airfoil, which is equal to the angle between the free stream velocity vector and the ξ axis as shown in Figure 6 , is:
Therefore, the modified expressions for vorticity and circulation due to the free stream velocity and angle of attack are given by 
Unsteady component of vorticity
The derivation of the unsteady component is identical to the one presented in Ref. [21] . The expression for the tangential velocity of the fluid on the surface of a flexible airfoil is given by
−A 8 sin θ cos 2θ + A 9 sin θ sin 2θ − A 10 cos θ cos 2θ + A 11 cos θ sin 2θ
and the vorticity on the circle is obtained as
where
Effect of Fluid Viscosity in Shed Vorticity
In a viscous fluid, the influence of shed vorticity at a point of interest decays with increase in distance as well as the age of the vortex. At sufficiently large Reynolds numbers, the temporal decay of the vortex strength is slow enough compared to the time of simulation so that one may assume that the strength of the vortex is constant with respect of time. However, this effect needs to re-examined at lower Reynolds number. In this study, the decay of vortex strength is incorporated in the expression of induced velocity due to shed vorticity. From Ch. 13, Ref. [28] , the induced velocity due to a viscous shed vortex is given by the following expression:
where r v denotes the distance between the vortex and the point at which induced velocity is computed, t v denotes the age of the vortex, and
Incorporating this effect into the aerodynamic model modifies the constraint conditions used to determine the shed vorticity, the expressions used to computed wake induced and bound vorticity, the evolution of the wake, and the calculation of the pressure using the unsteady Bernoulli equation; ingredients of the model are discussed next. Following Ref. [14] , the induced velocity on the circle due to an inviscid 2D vortex shed into the wake is given as follows
where, R denotes real part, wk = wk1+wk2, and wk1 and wk2 denote shear layers emanating from the airfoil shown in Figure 8 . Combining Eqs. (7) and Eq. (8), the induced velocity becomes where, r v is indicated in Figure 8 , and the effect of viscosity is included inside the integral on the right hand side (RHS). At each time step, the strengths of the vortices that are shed from the edges of the airfoil are determined by imposing a Kutta condition at the TE and a stagnation condition at the LE on the circle in the complex plane.
14 These constraint conditions on induced velocity were originally derived in Ref. [14] for inviscid flow. Including the effect of viscosity, the modified expressions are as follows.
The stagnation condition at the LE:
where r v = z v wk + R 0 The Kutta condition at the TE:
where, the effect of viscosity is included inside the integrals on the RHS of Eqs. (10) and (11) . At each time step, the latest shed vortices are placed at pre-determined distances from the LE and TE, and their inviscid strengths are computed using Eqs. (10) and (11) as described in Ref. [14] . Subsequently, the wake induced vorticity on the circle is given as follows:
Calculation of the bound vorticity
The airfoil bound vorticity on the circle is obtained by combining Eqs. (4), (6) , and (12) as follows.
Wake evolution
Vortices on the flattened NC are convected using the Rott-Birkhoff equation, 28 which is derived from BiotSavart law for two dimensional flow. The Rott-Birkhoff equation yields induced velocity at any point due to a vortex and it is implemented in the ξ I − η I coordinate system as shown in Eq. (14) .
where, ∞ indicates that the summation includes airfoil bound and all shed vortices in the airfoil-wake system, and u E , v E are components of the free stream velocity at each shed vortex. The effect of free stream velocity due to forward flight is incorporated by using
whereφ Γ k denotes the instantaneous sweep angle of the dΓ k , as depicted in Figure 7 . Therefore, Eq. (14) yields
Note that Eq. (16) becomes singular as ζ I − ζ I k approaches zero. Therefore, numerical implementation of Eq. (16) requires de-singularization of the vortex core, in which each discrete vortex is assumed to have a finite core radius. In this paper, the de-singularization procedure adopted in Ref. [13] is used. Consequently, Eq. (16) is modified as follows.
Incorporating the effect of viscosity, Eq. (17) yields
It was noted in Ref. [15] that the use of wake sub-iterations improves quality of the solution, especially when wake distortion due to wing-wake interaction is expected. Therefore, the Euler scheme, which was used in Ref. [15] , is used in the current study. In this scheme, the positions of the wake vortices are computed by performing several sub-iterations within each time step. Then, The unsteady Bernoulli principle relates the local pressure at any point to the velocity potential at that point. The expression derived in the ξ f a − η f a coordinate system 21 is as follows:
where v f a ξ and v f a η are the velocities of the airfoil resolved in the ξ f a − η f a coordinate system. It is important to note that the velocity potential is discontinuous across shear layers, i.e. the wakes shed from the airfoil; therefore, it has to be computed along piecewise continuous contours. 29 Vorticity and circulation are defined as positive when counter-clockwise; therefore, integration along the contours is performed in a counter-clockwise manner. The origin of integration is selected to be a point close to the trailing edge on the upper surface of the airfoil as shown in Figure 9 . Furthermore, let s wk1 and s wk2 denote the arc coordinates at which the shear layers are formed, shown in Figure 9 , and these denote the location at which φ is discontinuous. For an airfoil with a sharp trailing edge, a shear layer emanates from the trailing edge; therefore, s wk1 = L C , and the total velocity potential at any point in the airfoil wake system is given by
For attached flow, φ b is obtained by integrating the vorticity along contour C 1 shown in Figure 9 . For separated flow, φ b is obtained by integrating the vorticity along contours C 1 − C 2 − C 3 . In Ref. [21] , the expressions of φ b and φ wk1 were obtained for inviscid flow. Incorporating the effect of viscosity, the modified expressions are as follows:
The velocity potential due to shear layer 1 is given by
where, in Eqs. (22) and (23), the effect of viscosity is included inside the integrals on the RHS and
Moreover ϕ ∈ [0, 2π), depicted in Figure 8 , is given by
C. Fluid-structure coupling The equations of motion representing the aeroelastic response problem are obtained from an updated Lagrangian (UL) approach. 30, 31 An approximate solution is obtained by referring all the quantities (stress, strain and displacements) of the deformed configuration to the equilibrium configuration obtained in the previous time step, and linearizing the resulting equations of motion (EOM). Implementation of the UL formulation in MARC 30, 31 is illustrated by Figure 10 and was summarized in Ref. [20] . The implementation of the coupled problem is shown in the block diagram given in Figure 10 . At each time step, rigid body motion is prescribed as displacements at specified nodes. The aerodynamic loads, computed based on the wing motion at the beginning of each time step, are applied to the structure via FORCEM, a user defined subroutine in MARC. This subroutine is called from the main program for each step of the Newton-Raphson iteration within a time step to ensure convergence of the structural displacements for the applied loads. Finally, the vortices shed into the wake are convected at the end of the time step.
III. Results and Discussion
The results are presented for rigid and flexible configurations: (1) aerodynamic comparisons for rigid airfoils and wings in hover and forward flight, and (2) aeroelastic results for anisotropic wings in hover and forward flight. When using the approximate aerodynamic model, leading edge separation is assumed unless specified otherwise and the transient aerodynamic loads are obtained using the unsteady Bernoulli equation. A previous study 21 noted that the interaction of the airfoil with previously shed vortices generated large amplitude numerical oscillations in the aerodynamic loads that had to be eliminated before the unsteady loads can be applied on the flexible structure in aeroelastic simulations. The numerical oscillations are not critical to simulations involving rigid airfoils and wings; however, smoothing the signals improves clarity when comparing the time histories of the aerodynamic loads with CFD based results. In this paper, the load signals, which are obtained from the approximate aerodynamic model for rigid cases as well as the flexible cases, are postprocessed using zero-phase digital filters available in MATLAB ® (version 8.0). The filters are implemented in MATLAB ® using the filtfilt command as shown in Eq (26). A sample comparison of the original and smoothed signals is shown in Figure 11 .
where B f and A f are filter coefficients based on Chebyshev functions that are arrays of length m f + 1 . The implementation of the zero-phase digital filters may be obtained from the extensive documentation provided in MATLAB ® .
A. Aerodynamic Comparisons
Results are presented for the following cases: (1) flat plate airfoils undergoing prescribed motion, (2) rigid Zimmerman wings in hover, and (3) rigid Zimmerman wings in forward flight.
Airfoil Cases
The forces generated by airfoils undergoing prescribed motion are presented in Figures 12 and 13 for the case of hover, whereas Figure 14 includes a free stream velocity and therefore corresponds to the case of forward flight. The lift and drag are components of the aerodynamic force along the η I and ξ I axes respectively. The airfoil kinematics are described by Eq. (27) and the parameters considered are shown in Table 1 .
Case ID Name where, the pitching is about the mid-chord. The results are obtained for R e = 100, c = 1m, ρ ∞ = 1 kg/m 3 , ν ∞ = 0.01 m 2 /s, U re f = 1.0 m/s, where R e and U re f are defined as follows.
The non-dimensional forces are defined as follows:
The CFD based results are taken from Ref. [32] . The approximate results were obtained for the following parameters: N θ = 200, r c = 0.1 c, n wksubit = 4, and circulation limit 21 was fixed at 2.0. For both cases, CFD simulations indicated that there was leading edge separation. However, for case 12, the vorticity shed from the LE was substantially weaker when compared to that shed from the TE. Therefore, the approximate model was also used with the attached flow assumption. The simulations using the approximate model were conducted assuming both inviscid as well as viscous flow. The force coefficients obtained for case 1 are shown in Figure 12 ; results obtained by assuming inviscid flow and incorporating viscous effects are shown in Figures 12(a) and 12(b) respectively. Simulations using the approximate model were coducted using 500 time steps per cycle, and the load signals were smoothed using the filter described in Table 2 . The comparisons illustrate that incorporating the effect of viscosity improves correlation with CFD based results; in particular, the improvement is noticeable for C D . These results suggest that the influence of fluid viscosity in the interactions involving shed vorticity is important for this case.
The force coefficients obtained for case 12 are shown in Figure 13 . Simulations assuming separated and attached flows were conducted by using 800 and 500 time steps per cycle respectively, and the loads obtained were smoothed using filters described in Tables 2 and 3 respectively. The results for separated flow, shown in Figures 13(a) and 13(b) , indicate that the inviscid approximate model does not compare well with CFD for this case. Incorporating viscous effects improves correlation slightly, as shown in Figure 13(b) . However, the Incorporating viscous effects improves correlation slightly; however, the difference is small. These results imply that when the vorticity generated from the LE is weak, the principal contribution to the aerodynamic loads is from the TE vortices. The forces generated by the airfoils in the presence of a free stream are shown in Figure 14 . The kinematics employed are the same as those for cases 1 and 12, where a free stream velocity vector that is parallel to ξ I is now introduced; the free steam velocity is equal to 0.2U re f , where U re f is given in Eq. (29) . Simulations with the approximate model were carried out assuming separated flow for case 1, attached flow for case 12, and including effect of viscosity. The results were obtained using 500 time steps per cycle, and smoothed using the filter described in Table 2 . Comparisons indicate that the approximate model produces reasonable agreement with CFD for the cases considered. In particular, comparisons for case 12, shown in Figure 14 (b), indicate that the discrepancy in the peaks of C D is larger when compared to the discrepancy observed for case of hover; this may be attributed to the increased contribution of vorticity shed from the LE. 
Rigid Wings in Hover
The results for the rigid wings are based on a Zimmerman planform, shown in Figure 2 , that have an aspect ratio of 7.65, c r = 25 mm, R span = 75 mm respectively. 33 The CFD simulations were conducted using the numerical framework described in Ref. [34, 35] that solves the finite-volume-based Navier-Stokes equations using a pressure-based algorithm. The aerodynamic loads obtained using the approximate aerodynamic model were computed for the following set of parameters: N sections = 59, N θ = 100, r c = 0.1 × chord, and n wksubit = 4 respectively. The numerical experiments were conducted in air (ρ ∞ = 1.209 kg/m 3 , ν ∞ = 1.568 × 10 −5 m 2 /s).
The lift and thrust generated by rigid wings are shown in Figures 15, 16 , and 17. The lift and thrust are the components of the aerodynamic force resolved along Y SP and Z SP , shown in Figure 4 , respectively. The corresponding non-dimensional quantities are defined in Eq. (30) .
R span c r and
Furthermore, X W and Y W , shown in Figure 2 , coincide with X SP and Z SP , shown in Figure 5 , respectively at the start of the motion. The flapping motion, which corresponds to a simple rotation about Y W , given by Eq. (31) .
The non-dimensional lift and thrust for β 0 = 35
• and various values of f are shown in Figures 15 and 16 .
Simulations using the approximate and CFD based models were conducted using 300 and 500 time steps per flapping cycle to discretize the motion respectively. Subsequently, a fourth order filter (m f = 4) described in Table 4 was used to smooth the signals obtained using the approximate model. Figure 15 shows the force coefficients obtained for β 0 = 35 • and f = 10 Hz. The result indicates that the approximate model over-predicts the lift compared to the CFD based result; the mean and maximum errors in the peaks are 50% and 100% respectively. The discrepancy may be attributed to the spanwise flow and tip vortices that may be important for the combination of amplitude and flapping frequencies that are considered, which are not incorporated in the approximate aerodynamic model. Due to the lack of wing pitch or twist, the thrust corresponds to aerodynamic force parallel to the chordwise direction of the wing. In the approximate computations, the wing is assumed to have zero thickness; consequently, the force parallel to the wing chord is equal to zero. In the CFD based computations, this quantity is equal to the sum of viscous forces on the wing surface and the suction pressure on the edges of the wing; the result in Figure 15 indicates that the thrust obtained from CFD based calculations is several orders of magnitude lower than the lift.
The time histories of C L for all the flapping frequencies considered is shown in Figure 16 , wherein the CFD based and approximate results are shown on separate plots. The thrust was several orders of magnitude lower than lift; consequently comparisons involving this quantity are not shown. It is interesting to note that the lift coefficients, computed for various frequencies, are very similar. This trend indicates that C L is somewhat insensitive to Reynolds number. Furthermore, based on the definition of C L in Eq. (30), it follows that the peak lift is proportional to the square of the flapping frequency. Similar trends are obtained from simulations using the approximate model for β 0 = 18
• , as shown in Figure 17 , indicating that the relation between the lift and flapping frequency is insensitive to flapping amplitude. The forces generated by rigid wings undergoing prescribed combined flap-pitch motion are shown in Figure  18 . The wing kinematics are described by the following Euler rotations: a flapping rotation about Y W described by Eq. (31) followed by a feathering motion about X W described by Eq. (32) ; where, X W , indicated in Figure  2 , originates at the quarter-chord point of the root. The parameters for which the results are obtained are summarized in Table 5 . The CFD and approximate simulations were conducted by using 500 and 200 time steps per flapping cycle respectively. The results, in Figure 18 , indicate that the approximate model shows reasonable correlation with CFD for the cases considered.
Rigid Wings in Forward Flight
The forces generated by rigid wings in forward flight, shown in Figures 20 and 21 , are obtained for combinations of µ and β sp that are based on experimentally obtained data for hawkmoths in forward flight. 27 The Table 5 . Force coefficients generated by wings undergoing combined flap-pitch rotation.
specific combinations used in the current study, which are based on the data obtained for Moth M1 in Ref. [27] , are shown in Figure 19 and listed in Table 6 . The components of free stream velocity are calculated using Eq.
(1) where U ti p = 2πβ 0 f R span . Table 6 . Combination of advance ratios and stroke plane inclinations used in the current study
The non-dimensional lift generated by rigid wings for β 0 = 35 • , f = 10 Hz, and various advance ratios, are shown in Figure 20 . The thrust generated was several orders of magnitude lower than lift; therefore results for this quantity are not presented. The CFD and approximate simulations were conducted by using 500 and 300 time steps per flapping cycle respectively; results obtained using the approximate model were smoothed using the filter described in Table 4 . The comparisons indicate that the approximate model shows reasonable agreement with CFD based results for the cases considered. The correlation between the results improves with increasing advance ratio. The mean lift coefficients, which represent the time averaged values of C L , are shown in Figure 21 . This result shows that the mean lift decreases (becomes more negative) with increasing forward flight speed, and that the approximate model over-predicts the value but captures the trend. The results shown in Figures 20 and 21 demonstrate that the modified aerodynamic model can be used to conduct trend type studies for wings in forward flight despite the simplifying assumptions in the formulation. 
B. Aeroelastic Results
Aeroelastic simulations were conducted using anisotropic wings that are based on an unstressed CAPRAN film (membrane) that is supported by a carbon fiber based spar-batten skeleton. Following the notation used in Ref. [33] , the wings are labeled as LiBj where i and j denote the number of prepreg layers in the LE spar and the battens, as shown in Figure 22 . Structural dynamic modeling of the anisotropic wings in MARC was presented in Ref. [16] . The finite element models of the wings, shown in Figure 2 , are composed of 1263 shell elements (Element type 75 in MARC) that are capable of modeling large rigid body motion as well as moderate-to-large flexible deformation. The geometric and material properties of the prepreg and the membrane 16 are provided in Table 7 . Wing kinematics are implemented as displacement boundary conditions at the nodes that form the triangular root. Furthermore, the EOM obtained using the UL method are integrated forward in time using a single step Houbolt numerical scheme. 36 During the simulations, a pressure based filter that is described by Eq. (33) was used to limit the magnitude of numerical noise that is transmitted to the flexible wing; note that the limit should be sufficiently high 27 so as not to introduce significant errors during calculations.
For all the cases considered in this study, a limiting pressure given by p l imit = 36p re f , where p re f as defined in Eq. (34), was found to be adequate.
Material Properties
Carbon fiber prepreg E 11 = 233 GPa Table 7 . Material properties of the composite and membrane
Anisotropic Wings in Hover
The computed and experimentally measured magnitudes of thrust generated by anisotropic wings are compared. The results, which are obtained for one-layer batten configurations and β 0 = 35 o , for a range of flapping frequencies, are shown in Figures 23 and 24 . The experimental results were obtained from Ref. [33] and computations are based on the approximate aeroelastic model. Note that the experiments were conducted using two wings undergoing symmetric flapping motion, whereas the computations were performed by considering a single wing; therefore, the thrust obtained from the simulations was multiplied by a factor of two to allow comparison with the experimental result. For the approximate model, 300 time steps per flapping cycle were used to discretize the motion. The simulations, conducted for a total of 5 cycles, indicated that an approximate steady state was achieved after two cycles. Therefore, the mean thrust was calculated by time averaging the thrust generated over cycles 2 through 5. The thrust predicted using the approximate aeroelastic model shows reasonable agreement with experimentally measured thrust for all the cases considered. An accurate assessment of the error is complicated because due to the limited amount of experimental data available, the sensitivity of the thrust to variability in material, geometric properties, and wing construction cannot be determined. Therefore, the effect of differences in structural dynamic modeling on the thrust generated has to be determined before quantifying the differences in the aeroelastic results. Figure 24 shows the thrust generated by one-layer batten configurations. These results indicate that the approximate model predicts the trends that are observed from the experimental measurements. Different wing configurations produce maximum thrust at different ranges of flapping frequencies. Configuration L1B1 produces maximum thrust at frequencies between 5 Hz and 18 Hz, L2B1 for frequencies between 18 Hz and 35 Hz, and L3B1 for frequencies between 35 Hz and 40 Hz respectively.
The thrust generated by L1Bj configurations is shown in Figure 23 (a). Experimental measurements as well as the computations for L1B1 show a peak in thrust for a flapping frequency in the range of 20 − 25 Hz; the computations for L1B2 show a similar peak. In Ref. [16] , the fundamental frequency of L1B1 was found to be approximately 21 Hz. Therefore, it appears that the peaks in Figure 23 (a) occur when the frequency of wing excitation is close to the fundamental frequency of the wing. Additional simulations using L1B1 were conducted in order to examine the dependence of the peak in thrust on the flapping amplitude. The results, shown in Figure 25 , confirm that a peak in thrust is obtained when the excitation frequency is close to the natural frequency of the wing for all the amplitudes considered. This is an observation that might be valuable for wing design and selection of wing kinematics.
The aerodynamic and inertia loads acting on the wings were compared. Sample results for a limited number of cases are shown in Figures 26 and 27 . The aerodynamic and inertia loads are calculated using Eq. (35) . These results, which resemble similar comparisons for other cases, indicate that the aerodynamic loads are comparable to inertia loads. This is contrary to the observations of Refs. [10, 17, 18] and suggests that the relative importance of aerodynamic to inertia loads is configuration dependent, thereby highlighting the importance of aeroelastic effects in flapping wings. 
Wings undergoing insect-like kinematics for the case of hover
Results were obtained for rigid and flexible wings that are actuated using insect-like kinematics. The kinematics, based on the hover kinematics of hawkmoths, 27 are obtained by scaling the stroke amplitudes by a factor of two. The time dependent rotations, prescribed about the Y w , X w , and Z w axes respectively, are described by the Euler angles in Eq. (36) and shown in Figure 28 .
where α r1 and Θ r are prescribed about the quarter-chord point at the root. The fourier coefficients of the Euler angles are given in Table 8 . The simulations were conducted using 300 time steps per flapping cycle, and the results obtained from the aeroelastic model were smoothed using a filter described by Eq. (2). The lift and thrust, in grams, generated by rigid and anisotropic wings for f = 10 Hz, and f = 20 Hz, are shown in Figure 29 . The results correspond to the forces generated by an isolated flapping wing. For f = 10 Hz, L1B1 generates higher thrust compared to the other wings, as shown in Figure 29(a) ; however, the lift generated by all the configurations is somewhat similar. For f = 20 Hz the results in Figure 29 (b) indicate that L1B1 generates less thrust and lift compared to L3B1 and the rigid wing whereas L3B1 produces the
8.1074 52.9298 0.5959 2.2231 -6.9385 -2.6643 1.5011 maximum thrust. Recall that for this frequency, the L1B1 and L3B1 configurations generated the maximum and minimum thrust when using a simple flap actuation. This suggests that the impact of wing flexibility may be kinematics dependent.
Anisotropic Wings in Forward Flight
The effect of forward flight on the aerodynamic forces generated by flexible wings is examined using anisotropic wings undergoing prescribed flap motion for a range of forward flight conditions. The results, shown in Figures  30 and 31 , are obtained for L1B1 and L3B1, β 0 = 35 • , f = {10, 40} Hz, and the forward flight conditions corresponding to the values given in Table 6 . The flapping motion is described by Eq. (31) and the magnitude of the free stream velocities were determined based on the tip speed of a rigid wing undergoing the same kinematics. The mean forces are obtained by time averaging the transient forces over cycles 2 through 5. The mean forces computed for one wing were multiplied by a factor of two so as to approximate the force generated by a vehicle that has a pair of wings. The mean lift and thrust generated by rigid and flexible wings are shown in Figure 30 . The results indicate that the lift decreases (becomes more negative) with increase in forward flight speed; but the change in thrust is somewhat small. Also, different wings produce maximum mean thrust at different frequencies: L1B1 produces maximum thrust at f = 10 Hz, whereas L3B1 produces the maximum thrust at f = 40 Hz; similar trends were obtained for the case of hover.
The mean horizontal and vertical forces generated by the wings, indicative of the propulsive and payload capacity of the wings, are shown in Figure 31 . The horizontal and vertical directions are shown in Figure  3 . Note that both F h and F v are positive in an actual vehicle; a negative value of F h denotes drag. The results show that F v increases and F h decreases with increase in forward flight speed, and wing flexibility has a beneficial influence. The flexible configurations have higher payload capacity and lower drag than rigid wings. Configurations L1B1 and L3B1 have the largest payload capacity and least drag at 10 Hz and 40 Hz respectively. These results indicate that the trends in force generation obtained for wings in hover also apply to forward flight.
Of the various wings and flapping frequencies considered in this study, positive values of both F h and F v were obtained only in the case of L3B1 at f = 40 Hz, as shown in Figure 31(b) . Thus, this case seems to be the most effective combination of wing flexibility and kinematics encountered in this study. The payload capacity for this case, which is 12 grams, is inadequate to support the expected weight of a potential vehicle (approximately 50 grams). This implies that further exploration of the parameter space is needed. Note that typical insect kinematics include a large pitching motion during and at the ends of each flapping stroke. In the current study the wing pitch was due to wing torsion. Therefore, the interaction of wing flexibility and kinematics that include active pitching of the wing has to be explored in greater detail. 
IV. Concluding Remarks
The approximate aerodynamic model for flapping wings, originally developed for hover, has been extended to forward flight. The effect of viscosity was also incorporated in an approximate manner by including the temporal decay of shed vorticity into the calculation of induced velocity. The results were obtained for rigid airfoils, wings, and aeroelastic behavior of anisotropic wings.
1. Comparisons of forces generated by airfoils undergoing prescribed motions at R e = 100 show that incorporating the effect of viscosity in the approximate model improved correlation with CFD based results.
2. The forces computed using the modified approximate aerodynamic model were compared with those obtained from CFD simulations for rigid Zimmerman wings in hover and forward flight. The approximate model shows reasonable agreement with CFD results and it captures the trends accurately.
3. Forces computed from the approximate aeroelastic model were compared with those obtained from experiments conducted on several Zimmerman wing configurations in hover. The approximate model shows reasonable agreement for the cases considered. In particular, a peak in thrust was obtained when the excitation frequency was close to the natural frequency of the wing, and the location of the peak is independent of the flapping amplitude.
4. Comparisons of inertia and aerodynamic loads acting on the wings indicate that the aerodynamic loads are comparable to inertia loads for the cases considered. This is contrary to what was found in previous studies. Therefore, it appears that the relative importance of aerodynamic and inertia loads in flapping wings is dependent on the configurations considered.
5. The payload capacity and propulsive capability of rigid and flexible wings in hover and forward flight were examined, and it was found that flexible wings have larger payload capacity and lower drag compared to rigid wings for the cases considered. Different flexible configurations perform better at different flapping frequencies. Thus, the choice of the 'best' flexible configuration depends on the flapping frequency. This behavior was also noted in hover.
6. Results for rigid and flexible wings undergoing insect-like kinematics suggest that the impact of wing flexibility on the force generation capacity of flapping wings may be dependent on the kinematics used.
